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Introduction
There are many asymptotic approximations for factorials and few precise bounds. Robbins gave in 1955 the following precise bound, [4] , √ 2πn n e n e 1 12n ≥ n! ≥ √ 2πn n e n e 1 12n+1 .
Based on Robbin's analysis Maria gave the following tighter bound, [2] ,
We give an elementary analysis that achieves many other tighter bounds.
In particular, we improve the above two bounds to: for all n ≥ 3
In [1] , Impens gave other precise bounds that we also improve with our elementary analysis. See the bounds in the table of Section 4. In the literature, there are other precise bounds that are proved using non-elementary mathematics. See for example [5, 3] .
Preliminary Results
In this section we give some preliminary results. Lemma 1. For any sequence a 1 , a 2 , . . . of positive read numbers, if for n ≥ n 0
Proof. It is enough to prove that for every n ≥ n 0 n!e n n n+ (1/2) 
This is equivalent to
which is equivalent to (1) .
In the Appendix we give a sketch of the proof of Wallis' formula and to the fact that lim
Now we prove
Lemma 2. For any sequence a 1 , a 2 , . . . of positive real numbers, where lim n→∞ a n = 0, if for n ≥ n 0
(respectively, ≤).
Notice that
is a monotonically decreasing sequence we have
This with Lemma 2 and (2) implies
Lemma 3. For any sequence a 1 , a 2 , . . . of positive real numbers where lim n→∞ a n = 0 and r > 1, if for n ≥ n 0
Notice that 
Bounds for n!
In this section we prove some bounds for n! using Lemma 3. We first improve Robbins and Maria's bound [2, 4] . Take r = 4 and a n = 1/(12n + 0.4/n + 0.09/n 3 ). is equivalent to
which is true for n ≥ 13. By Lemma 3 and by verifying that (7) is also true for n = 3, 4, . . . , 12 we get that for every n ≥ 3 n! ≥ √ 2πn n e n e 1 12n+ 2 5n + .9 10n 3 .
On the other hand for r = 4 and a n = 1/(12n + 0.4/n + 0.11/n 3 ) 1 12 
Now for r = 4 and a n = 1/(12n) − 1/(360n 3 + 103n), On the other hand, take r = 5 and a n = 1/(12n) − 1/(360n 3 + 102n). is equivalent to
which is true for all n ≥ 10. By Lemma 3 and by verifying that (4) is also true for n = 8, 9 we get that for every n ≥ 8
Other Bounds
The following table gives other precise bounds for n! r = 5, a n = 12 + 393120n 11 − 650113107n 10 − 650309667n In each one of the above tables, the first row gives r and a n that is used in Lemma 3. The second row is the inequality for which (3) or (5) is equivalent and for which n this inequality is valid. The third row is the result.
APPENDIX
Here we give a sketch of the proof of Wallis' formula and to fact that
Consider n ≥ 0 and
Obviously, sin n x ≤ sin n−1 x and therefore I n < I n−1 for all n ≥ 1. By the integration by parts it is easy to see that I 0 = π/2, I 1 = 1
This implies
From the inequality I 2n−1 > I 2n > I 2n+1 we get √ πn < 2 2n (n!) 2 (2n)! < π(n + 1/2).
By Lemma 1 and (2), since for a n = 0
we have for every k > n, n!e n n n+1/2 ≥ k!e k k k+1/2 . In particular for k = 2n this inequality is equivalent to n!e n n n+1/2 ≤ 1 + 1 2n √ 2π.
Similarly, since for a n = 1/n,
n!e n n n+1/2 · e −1/n ≥ k!e k k k+1/2 · e −1/k .
In particular for k = 2n this inequality is equivalent to n!e n n n+1/2 ≥ e 
